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O
NE WAY OF GRABBING STUDENTS’ INTEREST
in probability is to present the rules of a game
of chance, ask them whether the game is fair,
and have them use their intuition to give a

ballpark estimate of the probability of winning. The
issue of fairness can be counted on to arouse the in-
terest of many students, and fairness of games is a
topic that has found its way into textbooks (see, e.g.,
Chapin et al. [1994]). Having students commit to an

answer helps to arouse and sustain their interest be-
cause they want to see whether their intuition is cor-
rect. Students also learn that giving an impulsive, in-
tuitive, and incorrect answer to a probability
question is easy, but a good approach to finding the
correct answer is to examine how each possible out-
come is produced under the rules of the game. Giv-
ing students experiences in looking at the underly-
ing structures of a number of games offers them
opportunities to enhance their probability intuition.

We examine three games involving dice, the first
of which is discussed by Freda (1998). The struc-
ture is examined in a way that leads directly to the
distribution of theoretical probabilities for all possi-
ble outcomes.
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Game 1: The Difference in Faces

TELL STUDENTS THESE RULES OF THE GAME:
Players 1 and 2 each toss a six-sided die. Player 1
wins if the faces differ by 0, 1, or 2. Player 2 wins if
the faces differ by 3, 4, or 5. Many students think
that this game is fair because each player has three
ways to win. As they collect data from which to cal-
culate experimental probabilities, however, these
probabilities surprise those who think that the game
is fair. Theoretical probabilities can be calculated
and compared with experimental probabilities. The-
oretical probabilities show that the game is not fair.

The students are divided into pairs, and each
pair plays the game many times. Each pair records
the number of times that the difference is 0, the
number of times that it is 1, and so on, as well as the
number of times that each player wins. When the
data from all pairs are combined and examined, pat-
terns should emerge. From the combined data,
each student makes a histogram and uses it to de-
termine which differences occurred most often and
which differences occurred least often. They find
the experimental probabilities that the difference is
0, that the difference is 1, and so on. The students
are also asked to describe the “shape” of the his-
togram and think about whether the shape sug-
gests that the game is fair.

Next, the students examine the theoretical prob-
abilities. Table 1 shows the difference in die faces
that goes with each of the thirty-six possible out-
comes resulting when two players each toss a die.
We see, for example, that the chance that the faces
differ by 5 is only 2 out of 36, but the chance that
the difference is 1 is 10 out of 36. The students de-
termine the theoretical probabilities and enter them
in table 2, which shows the probability distribution
for the difference in die faces.

According to the law of large numbers (for a more
thorough explanation, see Moore and McCabe
[1993]), when a game is repeated many times under
identical conditions, the fraction of games that result
in any particular outcome tends to approach that out-
come’s theoretical probability of occurrence. There-
fore, roughly one-sixth of all games should produce
a difference of 0, roughly 5/18 of the games should
produce a difference of 1, and so on. Additionally,
player 1 should win roughly 2/3 of the games, a frac-
tion that is derived from the calculation of the theo-
retical probability:

At this point, students compare the theoretical
probabilities in table 2 with the experimental prob-
abilities obtained previously. The experimental
probabilities should be reasonably close to the the-
oretical probabilities. 

Under the existing rules, player 1 wins when the
difference is 0, 1, or 2 and should win roughly two-
thirds of the games played. A good puzzle to give
students is to find ways to change the rules to make
the game fair. Multiple answers are possible: 

Player 1 Player 2
0, 1, 5 2, 3, 4
1, 2 0, 3, 4, 5
1, 3, 5 2, 4, 6

Game 2: The Maximum of Two Faces

AGAIN, THE STUDENTS ARE DIVIDED INTO PAIRS.
Each player tosses a six-sided die. Player 1 wins if
the maximum result of the two tosses is a 1, 2, 3, or
5. Player 2 wins if the maximum face is a 4 or 6.
Does the game favor either player? Encourage the
students to commit to an answer by using their in-
tuition. Again, pairs collect and pool their data. The
structure needed to find the theoretical probabili-
ties for the maximum face is shown in table 3.
Table 4 shows the distribution of theoretical proba-
bilities for this game.

TABLE 2
Distribution of Theoretical Probabilities 
for the Absolute Difference of Two Dice

Difference 0 1 2 3 4 5

Probability 6/36 10/36 8/36 6/36 4/36 2/36

TABLE 1
Difference in Faces 
When Two Dice Are Tossed 

Die 2
1 2 3 4 5 6

1 0 1 2 3 4 5
2 1 0 1 2 3 4
3 2 1 0 1 2 3

Die 1 4 3 2 1 0 1 2
5 4 3 2 1 0 1
6 5 4 3 2 1 0
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Player 2 wins only if the maximum is a 4 or 6.
From table 4, however, we see that the game is
fair because each player has probability 1/2 of win-
ning, as shown here:

,

and

Game 3: My Favorite Horse

THIS GAME INVOLVES A RACE BETWEEN TWO
plastic horses across a hardwood floor and is based
on an activity with which the author entertained
himself as a boy. The students are divided into
pairs, and each player is given a horse. Each stu-
dent throws a die simultaneously, and each horse
moves forward the number of boards shown on the
appropriate die face. If both horses cross the finish
line on the same turn, the result is a tie. Otherwise,
the first horse to cross the finish line wins. In a
classroom, markers may be substituted for horses
and oval racetracks drawn on sheets of paper may
be substituted for the hardwood floor.

The author had a favorite horse, which was
given a slight edge. When the die toss for the fa-

vorite horse resulted in a 1, this result was ignored,
the die was tossed again, and the horse moved for-
ward as many boards as were indicated on the sec-
ond toss—even if the second toss resulted in a 1.
After all, some element of fairness had to be incor-
porated in the game. 

How much of an advantage would these rules
give the favorite horse? For each horse, have the
students find the distribution of theoretical proba-
bilities for the number of boards moved forward on
one turn. The one for the ordinary horse is the eas-
ier of the two; see table 5.

The distribution of theoretical probability for
the favorite horse is easy to obtain if students un-
derstand that each turn for this horse always in-
volves a first toss and a second toss but that the
second toss is never used unless the first toss is a
1. From table 6, we see that the favored horse has
only 1 chance in 36 of moving just one board for-
ward. The other probabilities needed are also eas-
ily deduced (see table 7).

In a short race, the slight edge would not be ex-
pected to make much of a difference. In a long race,
however, in which each horse gets several turns,
the law of large numbers says that the favored
horse will tend to receive a smaller percent of die
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TABLE 3
Maximum Outcome from Two Tosses of a Die

Die 2
1 2 3 4 5 6

1 1 2 3 4 5 6
2 2 2 3 4 5 6
3 3 3 3 4 5 6

Die 1 4 4 4 4 4 5 6
5 5 5 5 5 5 6
6 6 6 6 6 6 6

TABLE 4
Distribution of Theoretical Probabilities 
for the Maximum Outcome 
from Two Tosses of a Die

Maximum 1 2 3 4 5 6

Probability 1/36 3/36 5/36 7/36 9/36 11/36

TABLE 5
Theoretical Probabilities for Boards Advanced
by the Ordinary Horse on One Turn

Boards Advanced 1 2 3 4 5 6

Probability 1/6 1/6 1/6 1/6 1/6 1/6
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rolls of 1 than the ordinary horse, a slightly larger
percent of 2’s, and so on. The more turns that take
place in the game, the greater the chance that the
favored horse will win. 

As a concrete illustration, students can conduct a
race in which each horse gets 36 turns and the
horse that is ahead after the last turn wins. The or-
dinary horse would be expected to roll roughly six
of each number 1–6 on its 36 turns. This prediction
is obtained by multiplying the theoretical probabil-
ity of rolling each number by the total number of
turns. We would expect, therefore, that the ordi-
nary horse would have moved a total of 6 + 12 + 18 +
24 + 30 + 36, or 126, boards forward, give or take a
few boards. The favorite horse, however, would be
expected to roll roughly one 1, seven 2s, seven 3s,
and so on. We would expect this horse to move,
then, 1 + 14 + 21 + 28 + 35 + 42, or 141, boards for-
ward, give or take a few. 

Naturally, at times the ordinary horse will have
good luck and the favorite horse, bad luck, and the
ordinary horse will win. The probability is, how-
ever, that the favorite horse should win roughly 86
percent of the time. For this activity, the students
can again be divided into pairs, with one student
rolling a die for the ordinary horse and the other
student rolling a die for the favorite horse. Stu-
dents can pool their data on the total number of

boards that each horse advanced in the game and
which horse won. A histogram for total boards ad-
vanced can be compared with the theoretical prob-
ability of 126 boards for the ordinary horse and
141 boards for the favorite horse. The percent of
races won by the favorite horse should be close to
86 percent.

A reasonable question to ask is whether the
game can be made fair. A natural way to have stu-
dents work on this problem is to present it to them
as a problem of distance = rate × time. As noted, the
favorite horse is expected to cover 141 boards in 36
turns, yielding an expected speed of 141/36, or
about 3.92, boards per turn. The ordinary horse has
an expected speed of 126/36, or 3.5, boards per
turn. The only way that the ordinary horse could be
expected to cover the same distance as the faster
horse is with more time, that is, turns. Students
should be able to discover that the ordinary horse
needs 141 turns to the favorite horse’s 126, or a
ratio of 47 to 42.

Conclusion

OTHER GAMES ARE POSSIBLE. SUPPOSE THAT
player 1 wins if the product of die faces is a num-
ber from 1 to 10 and that player 2 wins when the
product is a number from 12 to 36. Theoretical
probabilities show that player 1 has the greater
probability of winning. In a game that focuses on
the sum of the faces of two dice, theoretical proba-
bilities show that a sum of 7 is more likely than
any other sum, yet the sum is equally likely to be
odd or even. Dice games naturally pose fairness is-
sues that appeal to students. Further, dice games
have a structure that readily leads to the distribu-
tion of theoretical probabilities of the outcomes in
the game and, therefore, to a determination of
whether the game is fair. 
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TABLE 7
Theoretical Probabilities for Boards Advanced
by the Favorite Horse on One Turn

Boards Advanced 1 2 3 4 5 6

Probability 1/36 7/36 7/36 7/36 7/36 7/36

TABLE 6
Number of Boards That the Favorite Horse
Advances on One Turn

Toss 2
1 2 3 4 5 6

1 1 2 3 4 5 6
2 2 2 2 2 2 2
3 3 3 3 3 3 3

Toss 1 4 4 4 4 4 4 4
5 5 5 5 5 5 5
6 6 6 6 6 6 6


